Pulsed source-sink devices are an effective way of achieving dynamic hybridization in DNA microarrays. These can be modelled as linked twist maps, and in particular, basing the design on the dynamics of a hyperbolic toral automorphism allows the application of a set of techniques from ergodic theory. This gives a rigorous framework in which to discuss mixing.
Ergodic theory of dynamical systems applied to fluid mixing
A common approach to applying tools from dynamical systems to fluid mixing problems is to study the behaviour of a Poincaré map. Practically, this means that rather than observe a fluid particle tracing out a continuous curve in the domain, we instead 'stroboscopically' view the particle at fixed, discrete intervals of time. The collection of discrete points in the flow domain obtained in this way is referred to as a Poincaré section. Poincaré sections can give a good picture of the mixing properties of the flow. An example, corresponding to the streamlines of figure 1a, is shown in figure 1b. Note that isolated islands, forming barriers to mixing, appear in the midst of a chaotic sea.
The Poincaré map constructed in this way is simply a transformation f of a space M into itself, f : M → M . Moreover, for incompressible flows, volume is preserved. This means that Lebesgue measure, µ, is an invariant measure for f . These three items (the space M , representing the fluid domain, or hybridization chamber; the transformation f , representing fluid advection; the invariant measure µ, representing area or volume), together with some properties of regularity, are sufficient to allow the application of ergodic theory, and in particular rigorous results on mixing, to such a system. It is usual to normalize the size of a finite domain to µ(M ) = 1.
Proving ergodic mixing properties is in general hard, even in theory. However one class of systems for which such a proof is possible are linked twist maps (LTMs). Moreover these have been shown to underpin the dynamics of many practical mixing devices [3] , and in particular it was noted that pulsed source-sink systems could be modelled in precisely this way. An understanding of the mechanisms of LTMs led to the proposal of a particular arrangement of source-sink pairs [4] . Streamlines and a Poincaré section for this arrangement are shown in figures 1c and 1d respectively. This design mimics the dynamics of a hyperbolic toral automorphism (HTA), a special case of LTM, which is a well-understood dynamical system possessing extraordinary dynamical properties. In particular, HTAs enjoy the Bernoulli property, which sits at the head of a hierarchy of increasingly complex ergodic behaviour. The purpose of this note is to state the physical consequences of being able to design a physical mixing device with these properties.
The Ergodic Hierarchy
Ergodicity The chief characteristic of ergodicity is that of indecomposability. The definition is commonly given as:
The transformation f is ergodic if for any invariant set A (that is, A such that f (A) = A), we have µ(A) = 0 or 1. Fig. 1 Figures a) and b) show streamline patterns and a resulting Poincaré section for a typical existing mixer design, producing a flow containing isolated islands. Figures c) and d) show the analogous patterns for a design based on a hyperbolic toral automorphism.
This means that there are no isolated, unmixed, regions of the domain and that a typical target strand has the opportunity to visit every probe. Figure 1d appears ergodic, while figure 1b does not. However, ergodicity does not guarantee that particles initially nearby separate, nor that any mixing occurs. In this sense it is a necessary condition for good mixing, and hence dynamic hybridization, but not a sufficient one.
Mixing The stronger property of mixing is, of course, central to mixing problems. The definition from ergodic theory is precisely in agreement with an intuitive idea of what mixing should be (making the normalization assumption that µ(M ) = 1):
The transformation f is mixing if lim
for any pair of sets A and B.
The physical interpretation of this is as follows: upon iteration of the transformation f , the proportion of A (e.g., some particular target strands in the solution) found in any set B (e.g., the area occupied by some particular probe strands on the microarray) is eventually the same as the proportion of A originally in the whole domain. In other words, the sets A and B become asymptotically independent of each other.
Bernoulli property
The Bernoulli property is a feature of certain deterministic dynamical systems which is in some sense the most complicated dynamics possible: the system is statistically identical to a random process. It derives its name from Bernoulli schemes, first described by the Swiss mathematician Jacob Bernoulli, which describe a series of trials in which a fair coin is repeatedly tossed. The dynamics of the Bernoulli property can be succinctly expressed by the symbolic dynamics of a full shift on two symbols [5] . This has remarkable implications for the behaviour of the system. For example, the dynamics possesses a countable infinity of periodic orbits consisting of orbits of all periods, and an uncountable infinity of nonperiodic orbits. If the design of a hybridization chamber also possesses the Bernoulli property, then, given long enough, every target strand would visit every possible sequence of probes. This complexity offers the potential for increased efficiency.
Rate of mixing
Although the Bernoulli property represents in some sense, the most mixed state possible, alone it does not imply anything about the rate at which such a state is approached. This is a crucial issue in an industrial setting, and various attempts have been made to study this, including viewing the entropy of the system to be an important quantifier [6] . The underlying dynamics of HTAs possesses Markov partitions, which give one method to establish exponential decay of correlations (see, e.g., [7] ).
The relationship between such results and the behaviour of DNA hybridization chambers based on HTAs promises to reveal analytical information about the rate of mixing, and hence hybridization, in pulsed source-sink devices.
